In this paper, we generalize the arithmetic Chern-Simons theory to regular flat separated schemes of finite type over rings of integers of number fields by applying the duality theorems for arithmetic schemes.
S f
). Let X be a regular, flat, separated scheme of finite type of relative dimension r over B with a structure morphism f : X → B, X S := X × B B S and f S , g S and g Let p S : π S → π S f and κ S : π S → π un be natural quotient maps.
For any place v of F , denote B v := Spec F v and For an abelian category A , denote the derived category of bounded complexes over A by D b (A ).
Unless otherwise stated, every sheaf or cohomology group isétale. Assume that µ n,X (X) ∼ = Z/nZ, where µ n,X is the sheaf of n-th roots of unity of X. For X = B, this is equivalent to the condition that
. For a locally constant abelianétale sheaf F on X S , its dual is denoted by
Duality for arithmetic schemes
In this subsection, we introduce Poitou-Tate exact sequence and local and global duality theorems for arithmetic schemes following the exposition given in [7] . First we fix some notations about modified and compactly supportedétale cohomology. Let A be a ring which is one of R, Z and a non-archimedean local field and F • be a bounded complex of sheaves on Spec A. For each ring A, define [7, p. 2023-2024] .
Definition 2.1. Let A be a ring as above, h : X → Spec A be a separated morphism of finite type, F
• be a bounded complex of torsion sheaves on X and i ∈ Z.
(1) There are two versions of Poitou-Tate exact sequence for arithmetic schemes: the original one [7, Theorem B] and its dual version with compact support [7, Theorem C] . We will only introduce the second version because we will not use the first one. (1) There exists a (6r + 9)-term exact sequence of abelian topological groups and strict homomorphisms
(2) For i ≥ 2r + 3, the localization map
is an isomorphism.
Now we provide local and global duality theorems for arithmetic schemes. The theorems are stated in a slightly different manner from [7] . Theorem 2.5. (Local duality) Let v ∈ T and F be a locally constant, constructible sheaf of Z/nZmodules on X v . Then Tate's local duality induces perfect pairing of finite abelian groups
By Theorem 2.5, for v ∈ T , 
(
Step 2 provides isomorphisms for a scheme 
Proof. By
Step 1 in [7, p.2039] , for all i ∈ Z, By Theorem 2.6,
3 Arithmetic Chern-Simons action for arithmetic schemes
In this section, we define the arithmetic Chern-Simons action for arithmetic schemes and prove the decomposition formula.
Galois andétale cohomology
Let Et(B S ) be the smallétale site of B S and FSet πS be the category of finite continuous π S -sets with a natural Grothendieck topology. Let FEt(B S ) be a full subcategory of the category of B S -schemes whose objects are finiteétale morphisms to B S , with a natural Grothendieck topology. Then there is an equivalence of categories FEt(B S ) → FSet πS and there is a natural morphism of sites f : Et(B S ) → FEt(B S ) given by a functor FEt(B S ) → Et(B S ). Also f induces a morphism of complexes of sheaves
(Mod πS is the category of π S -modules) also by α * F • . Then there is a natural map
(see Remark 2.3 for notations). In the next subsection, we will use the map
to define the arithmetic Chern-Simons action for arithmetic schemes.
We constructed a map connecting Galois andétale cohomology above. We also need maps between Galois cohomology groups and betweenétale cohomology groups. Define
Lemma 3.1. For S 1 ⊂ S 2 and an open immersion j : B S2 → B S1 ,
Proof.
Consider the following diagram. By [5, Theorem 7.4 
.4(i)],
M S be a π v -module. For any S 1 ⊂ S 2 and a projection κ S1, S2 : π S2 → π S1 , there is a canonical injection
and
Combining these two facts, we obtain
Following the argument of [9, Section 3 (2)], for S 1 ⊂ S 2 , we get a canonical map
:
Similarly, for S 1 ⊂ S 2 , there is a canonical map
Arithmetic Chern-Simons action without boundary
In the process of generalizing the arithmetic Chern-Simons action without boundary, two problems emerge. First, it is unclear how to give an element of H 
with the map
Let ρ ∈ H 2r+3 (π un , M ) and j 2r+3 un be the map defined by the composition
Define the arithmetic Chern-Simons action by a function
By the assumption µ n,
n Z/Z for each T ⊃ T 0 , we need the following lemma.
Lemma 3.2. For any T ⊃ T 0 , the map βé t T0,T is an isomorphism.
Proof. By Theorem 2.6, the following diagram commutes.
is induced by an open immersion X T → X T0 , so it is an isomorphism. Since each row is a perfect pairing, βé t T0,T is also an isomorphism.
Following the argument of [9, Section 3 (2), (6)], we get the following results.
• There exists 
